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Motivations

Geometrically generalized 
Vlasov-Maxwell system

Geometic
 

gyrokinetic
 

theory

Gyrokinetic
 

equations for edge

Geometric field theory

Gyro-symmetry

Allow for dynamic 
background 
electromagnetic field



Classical gyrokinetics: average out gyrophase

Magnetized plasmas → fast gyromotion.

“Average-out" the fast gyromotion

–

 
Theoretically appealing

–

 
Algorithmically efficient
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Modern gyrokinetics
 

= field theory + gyro-symmetry

Gyro-symmetry

Decouple gyromotion

Field theory

Interaction between 
particle and fields

γ



What is the phase space?

1 2 2{( ) ( ) }xP x p x M p T M g p p m c∗ −= , | ∈ , ∈ , , = −

7D

Spacetime Inverse of 
metric

Phase space is a fiber 

bundle P Mπ : ⎯→ .

Cotagent
 bundle



τ γ = 0i d

Worldline

Inner 
product

Exterior 
derivative

Different for different particles:
charged particle, neutron,
polymer, virus, …

γ →Poincare-Cartan-Einstein 1-form  particle dynamics

Hamilton’s Eq.



Geometrically generalized Vlasov-Maxwell system ---
 

A field theory

3

1 ,
3

d d d
m

γ γ γΩ≡− ∧ ∧
!

0L f i dfτ τ= = .

( ) ( ) ( ) 0L f L f L fτ τ τΩ = Ω+ Ω = .

( ) 0.L i d d iτ τ τΩ= Ω+ Ω =

Liouville
 

6-form

Vlasov
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Liouville
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Conservative form



Geometrically generalized Vlasov-Maxwell system ---
 

A field theory
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Second order field theory →
 

4-diamagnetic current
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Example: 1-form for charge particles with Lorentz force
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What is symmetry? 

Coordinate dependent version:

Geometric version:

L dSηγ =

Lie derivative Symmetry vector field

0  0 .

Problem, what is ?

L d L
dtθ θ

θ

∂ ∂⎛ ⎞⎟⎜= , =⎟⎟⎜⎝ ⎠∂ ∂ �

S. Lie (1890s)

.Advantage: general, stronger, enables techniques to find θ

Symmetry 
is group



Symmetry is invaraint

( )L d i i d dSη η ηγ γ γ= + =

Noether’s Theorem (1918)

Cartan’s
 

formula

( )

 is conversed.

d dS

S

γ η τ τ

γ η

⋅ ⋅ = ⋅

⋅ −



What is gyrosymmetry?
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Noether’s
Theorem

Gyrophase
coordinate

Coordinate perturbation to find .

Q: How does the dynamics transform?

A: It transforms as an 1-form!
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Amatucci, Pop 11, 2097 (2004).



Dynamics under Lie group of coordinate transformation
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Zγ in Pullback

Cartan’s formula Insignificant

No need for 
Poisson bracket

Taylor expansion



0th

 

order gyrocenter
 

coordinates

Catto, 1979
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Lie perturbations
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Perturbation techniques —
 

quest of good coordinates

Peanuts by Charles Schulz. Reprint permitted by UFS, Inc.
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2nd
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Gyrocenter
 

dynamics
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Gyrokinetic equations
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Gyrokinetic field theory
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Gyrokinetic system without FLR effect
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Physics of 2nd

 

order field theory —
 

Spitzer paradox
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Gyrokinetic system with a time-independent backgroud
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Pullback of distribution function
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Physics of 2nd

 

order field theory —
 

polarization density
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Lee (1983) used different method.
Friedman (1981) in different context.



Gyrokinetic system with a self-consistent time-dependent background
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need two field equations
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Conclusions
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