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The gyrokinetic approach for arbitrary frequency dynamics in magnetized plasmas is explored,
using the gyrocenter-gauge kinetic theory. Contrary to low-frequency gyrokinetics, which views
each particle as a rigid charged ring, arbitrary frequency response of a particle is described by a
quickly changing Kruskal ring. This approach allows the separation of gyrocenter and gyrophase
responses and thus allows for, in many situations, larger time steps for the gyrocenter push than for
the gyrophase push. The gyrophase response which determines the shape of Kruskal rings can be
described by a Fourier series in gyrophase for some problems, thus allowing control over the
cyclotron harmonics at which the plasma responds. A computational algorithm for particle-in-cell
simulation based on this concept has been developed. An example of the ion Bernstein wave is used
to illustrate its numerical properties, and comparison with a direct Lorentz-force approach is
presented. © 2007 American Institute of Physics. �DOI: 10.1063/1.2751600�

I. INTRODUCTION

The importance of gyrokinetic theory1–4 for plasmas in a
strong magnetic field has been widely appreciated. By re-
moving the high frequency dynamics associated with fast
gyromotion from the original Vlasov-Maxwell kinetic sys-
tem, the gyrokinetic formalism yields a system of equations
for describing low frequency ����, where � is the cyclo-
tron frequency� and long wavelength phenomena in plasmas.
However, the physics associated with the omitted high fre-
quency part may be important. Particularly, in fusion plas-
mas, waves in both ion and electron cyclotron frequency
ranges are used for plasma heating near resonance layers. In
this paper we present a computational algorithm, which is an
alternative to direct 6D Lorentz-force simulation5 and which
allows one to study arbitrary frequency dynamics of plasmas
within the gyrokinetic framework. Here, for illustrative pur-
poses, we only address the electrostatic case and leave the
generalization to electromagnetic systems to future
publications.

The high frequency gyrokinetic approach we discuss in
this paper is based on the gyrocenter-gauge kinetic theory,
developed by Qin et al.6,7 in the limit of particle gyroradius
much smaller than the scale length of the ambient magnetic
field, � /LB�1. The gyrokinetic formalism transforms the
Vlasov-Maxwell system in the 6D particle coordinate system

z= �x ,v� to a new 6D gyrocenter system Z̄= �X̄ , Ū , �̄ , �̄�.
Here, X̄ and Ū are the location and parallel velocity of the

particle gyrocenter, �̄ is the magnetic moment and �̄ is the
gyrophase angle. While f�x ,v , t� is the distribution function

in the old particle coordinates, f�Z̄ , t� is the distribution func-
tion in the new coordinates, where the parallel �gyrocenter�
and the perpendicular �gyrophase� dynamics are decoupled.
A similar approach was used by Lee et al.8 for treatment of
arbitrary frequency linear waves.

One of the advantages of an algorithm based on the gy-
rokinetic formulation is that it could be suitable for imple-
mentation into existing sophisticated gyrokinetic particle

codes9 developed to study low frequency turbulence phe-
nomena in general geometry. The motion of gyrocenters,
which is slow compared to the gyrophase dynamics, may be
treated with larger time steps. This separation of �gyrocenter
and gyrophase� motions in the gyrokinetics, which results in
significant saving in computer time, is not possible in
Lorentz-force simulation. Contrary to low frequency gyroki-
netics, which views each particle as a rigid charged ring,10

we will show that, arbitrary frequency gyrokinetics describes
each particle by a Kruskal ring.11,12 Another advantage of-
fered by the decoupling of motions introduced by the gyro-
kinetic approach is that it allows one to remove the explicit
dependence on the gyrophase coordinate from the kinetic
system. By doing this, one can reformulate the original 6D
system in terms of five gyrocenter variables �5D�, with the
gyrophase dynamics represented by a set of equations for a
finite number of harmonics kept. For certain situations com-
putation of lower dimensional systems requires solving
fewer differential equations and needs fewer simulation par-
ticles to achieve desired resolution in phase space, which
results in further saving of computing time. Compared to 6D
Lorentz-force codes, the high frequency gyrokinetic algo-
rithms offer more computationally efficient and flexible ap-
proaches which may be useful for simulation of large sys-
tems �like global simulation of fusion plasmas in tokamak
geometry9�.

We believe that our new approach may be especially
useful for computational study of the dynamics of propaga-
tion, conversion and absorption of radio frequency
waves13–15 in tokamak plasmas. Similar to a Lorentz-force
simulation, the high frequency gyrokinetic algorithm allows
a completely self-consistent simulation. Also, it can describe
both linear and nonlinear heating dynamics based on first
principle physics without extra assumptions about the quasi-
linear nature of the heating mechanism.

This paper is organized as follows: In Sec. II we briefly
review the gyrocenter gauge kinetic theory, which underlies
our high frequency gyrokinetic system of equations. The 6D
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algorithm based on this system is described in Sec. III. In
Sec. IV we transform the explicit dependence on the gy-
rophase variable into equations for individual harmonics.
This results in the 5D algorithm. The conclusions and future
work are presented in Sec. V.

II. HIGH FREQUENCY GYROKINETIC FORMALISM

The idea of the gyrokinetics is to identify a certain se-
quence of transformations6,7 from the original particle coor-

dinates z to a new gyrocenter coordinate system Z̄

Z̄ = TgyroTguidingz . �1�

Here Tguiding and Tgyro stand for guiding center and gyro-
center transformations accordingly. One needs to make sure
that the original kinetic equation for the distribution function
f�x ,v , t� in particle coordinates

� �

�t
+ ẋ ·

�

�x
+ v̇

�

�v
� f = 0 �2�

transforms to a system of decoupled equations for the slow
gyrophase-independent part of the distribution function

F�Z̄ , t�=F�X̄ , Ū , �̄ , t�� �f�Z̄ , t�� and gauge function which
contains all fast gyrophase dynamics. Here, the notation for a
gyrophase-averaged quantity is introduced by

�a��X̄,Ū,�̄� � �2��−1	
0

2�

a�Z̄�d�̄ , �3�

F�X̄ , Ū , �̄ , t� describes the evolution of the gyrocenter �par-
allel� dynamics according to

dF

dt
� � �

�t
+ X̄

˙
·

�

�X̄
+ Ū

˙ �

�Ū
�F = 0. �4�

The relation between different distribution functions is given
by

f = Tgyro
* Tguiding

* F , �5�

where Tguiding
* and Tgyro

* are pullback transformations, which
transform the perturbed distribution functions between par-
ticles and guiding center, and guiding center and gyrocenter
coordinates accordingly.

The near identity transformation

Tgyro
* = 1 + �T�S�Z̄,t�� �6�

depends on a special gauge6 function S�Z̄ , t�, which contains
fast gyrophase �perpendicular� part of the dynamics. For an
electrostatic system

�TF�Z̄,t� = F�Z̄,t�Q̂TS�Z̄,t� , �7�

where

Q̂T �
q

mc

� ln F

��̄

�

� �̄
+

1

m

� ln F

�Ū
b̂ ·

�

�X̄

−
1

��X̄�m

� ln F

�X̄
· b̂ �

�

�X̄
. �8�

For an electrostatic system �and e	 /T�1�, the gauge

function S�Z̄ , t� evolves according to

Ṡ � � d

dt
+ ��X̄�

�

� �̄
�S = q	̃�X̄ + �,t� , �9�

where ã�a− �a�. The new coordinate system Z̄ makes sure
that the gyrophase dependence is completely contained in
Eq. �9�. This allows transformation of explicit gyrophase de-
pendence in Eq. �9� into a set of equations for individual
harmonics. A 5D algorithm based on this transformation is
presented in Sec. IV.

An appropriate conserved adiabatic invariant �̄ is ob-
tained by expanding up to the first order term in the small-
ness parameter � /LB�1, and is given by

�̄ =
mv�

2

2B�X̄�
+ Q̂�S, Q̂� �

q

mc

�

� �̄
. �10�

The quantity �̄ is an approximation to the true magnetic
moment, which contains all orders in expansion in the small-
ness parameter. Equations �9� and �10� describe nonlinear
perpendicular dynamics of a particle around the cyclotron
resonance. Note that exact resonances are also allowed as
long as they happen locally in space and during short inter-
vals of time. This is necessary to make sure that the incre-
ment in v� in Eq. �10� is small �compared to v�� during each
of these wave-particle interactions near resonances, which is
the case in tokamak experiments.

Self-consistency is obtained by solving Poisson’s
equation

�2	�x,t� = − 4�

s

qs	 fs�x,v,t�dv , �11�

where fs�x ,v , t� is the distribution function in particle coor-
dinates for species s. The density on the right-hand side is

	 fs�x,v,t�dv =	 fs�Z̄,t���X̄ − x + ��dZ̄

=	 �1 + �T�Fs�Z̄,t���X̄ − x + ��dZ̄ . �12�

In the gyrocenter coordinates a near-identity transformation
Tgyro

* =1+�T divides the particle density into two parts. The
first part is due to the gyrocenter distribution function

F�Z̄ , t�. The second part is the contribution due to the gy-
rophase dependent part of the distribution function, which
describes polarization effects due to gyromotion. The unit

vector b̂ is along the ambient magnetic field.

III. 6D NUMERICAL ALGORITHM

Low frequency gyrokinetics only solves Eq. �4� along
with an appropriate gyrokinetic Poisson equation.2 Instead of
individual particle’s trajectories, the low frequency gyroki-
netics sees motion of gyrocenters with rigid uniformly
charged rings attached to them �Fig. 1�. The purpose of these
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rings is to take FLR effects into account by appropriate av-
eraging technique via a finite number of points on each
ring.10

For the arbitrary frequency case in the electrostatic limit,
Eqs. �4� and �9� for the gyrocenter and gyrophase dynamics
need to be solved together with Poisson’s equation �11� and
the conservation of the magnetic moment �Eq. �10��. The
gyrocenter dynamics described by Eq. �4� is easily simulated
by a gyrocenter pusher,10 which advances each particle’s gy-

rocenter location X̄ and parallel velocity Ū. Also, if
�f-simulation16 is used, then each particle will also have a
gyrocenter weight wj =�f /F� j associated with it. Here F
=F0+�f , with F0 being the background distribution function.

The gyrophase dependent part of the dynamics described
by the equation for the generating function Eq. �9� may be
simulated by a gyrophase pusher, which solves for functions

gT�Z̄ , t� and g��Z̄ , t�, where

gT � Q̂TS, g� � Q̂�S . �13�

The dynamical equations for these quantities are obtained by
substituting Eq. �13� into Eq. �9�.

In the arbitrary frequency regime, the motion of particles
from the gyrokinetic point of view is more complicated than
in the low frequency regime. Particularly, instead of indi-
vidual particle’s trajectories, the arbitrary frequency gyroki-
netics sees the motion of gyrocenters together with Kruskal
rings11 attached to them. As before, the motion of a gyro-
center j is according to Eq. �4�. The shape �the dependence
of gyroradius versus gyrophase� of its Kruskal ring is deter-

mined by the rotation with the cyclotron frequency �̄
˙

=��X̄�, together with conservation of the magnetic moment
equation �10�, which takes the following form:

�̄ j��̄� =
q

mc

v�j
2 ��̄,t�

2��X̄�
+ g��Z̄ j,t� , �14�

ġ��Z̄ j,t� = −
q2

��X̄�mc
Ẽ j · v�j . �15�

This Kruskal ring is quickly changing with time in a plane
perpendicular to the magnetic field and is different for each
particle. Appropriate gyroaveraged quantities �3� need to be
calculated on Kruskal rings. Each of these Kruskal rings has

a gyrophase weight function gT�Z̄ j , t�, which determines po-
larization density and evolves according to

ġT�Z̄ j,t� = − � q2

��X̄�mc
Ẽ j · v�j

�

��̄ j

+
q

m
Ẽ j · b̂

�

�Ūj

+
q

��X̄�m
Ẽ j � b̂ ·

�

�X̄ j
�ln F0. �16�

In a real simulation, only a finite number of points
�ring-mates12� p on each Kruskal ring are followed �Fig. 2�.
For a particular gyrocenter j, we use index l to enumerate

simulation ring-mates �which have the same X̄ j and Ūj, but

different �̄l’s� on its Kruskal ring. Then the dynamics of point

l are determined by �̄ j��̄l�=const and the quantity

gT�Z̄ j��̄l� , t�.
The simulation is done self-consistently by calculating

Poisson’s equation �11�. The appropriate gyrophase integra-
tion in the density term is approximated by the summation
over p ring-mates on each Kruskal ring



j

��wj�t� + gT�Z̄ j,t����X̄ j − x + � j��

− 

j



l=1

p

�wj�t� + gT�Z̄ j��l�,t����X̄ j − x + � j��l�� . �17�

The accuracy of this approximation is determined by the
resolution of the gyrophase subspace by the total number of
points p on each Kruskal ring. Particularly, for this 6D ap-
proach, the number of points p we need to keep on each

FIG. 1. Motion of a particle from the low frequency gyrokinetic point of

view. Particle j has a gyrocenter located at X̄ j with a parallel velocity Ūj.
Each gyrocenter has a rigid charged ring attached to it.

FIG. 2. Motion of a particle from the arbitrary frequency gyrokinetic point

of view. Each gyrocenter �X̄ j , Ūj� has a quickly changing Kruskal ring at-

tached to it. Finite number of ring-mates �̄l is simulated on each Kruskal
ring. These points have different sizes to represent the amount of gyrophase
weight attached to them.
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Kruskal ring for accurate estimation of averaged quantities is
determined by the characteristic k�� we want to study in the
system.10 In conventional low frequency gyrokinetics, the
evolution of the Kruskal rings is present implicitly in the
polarization density term of the gyrokinetic Poisson
equation.2

We performed simple simulation of the ion Bernstein
wave17 in a 16�16-grid system �two spatial dimensions� to
compare this 6D high frequency gyrokinetic approach with
the conventional 6D Lorentz-force simulation. While the
ions are gyrokinetic, the electrons are treated drift-
kinetically. The parameters are ��pi /�i�2=1.0, k� /ky =0.01.
As for the initial conditions, the both ions and electrons are
distributed randomly in two spatial dimensions. In the begin-
ning �it0.2, a constant electric field �with amplitude larger
than the noise level� was applied to a system to produce
waves propagating in both directions. Periodic boundary
conditions were used in both spatial directions.

Figure 3 shows time dependencies and frequency spectra

of the k��i=4.4 mode from both 6D high frequency gyroki-
netic �black curves� and 6D Lorentz-force �green curves�
simulations. In the first approach we used Ngc=5000 gyro-
centers �with p=16 ring-mates on each Kruskal ring�, while
for the second approach we took Np=80000 particles to
make sure that the total number of simulation markers in 6D
phase space is the same in both cases according to

Np = pNgc. �18�

Equation �18� also makes sure that the resolution of the per-
pendicular �gyrophase� dynamics is the same in both cases.
Both simulations produce similar results. The frequencies
and damping rates of the harmonics are in agreement with
the theoretical prediction from the appropriate dispersion
relation.18 Particularly, the predicted damping rates of the
second and third harmonics are about �0.029−0.044��i,
which agrees with the damping rate observed in Fig. 3.

The number of differential equations solved by the 6D
high frequency gyrokinetic code is �5+ p�Ngc, while the num-

FIG. 3. �Color online� �a� Time dependencies of the
amplitude of the ion Bernstein wave from 6D high fre-
quency gyrokinetic �black curves� and 6D Lorentz-
force �green curves� codes. �b� Frequency spectra �on a
logarithmic scale�.
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ber of equations solved by the 6D Lorentz-force code is 6Np.
Using the constraint �18�, we estimate that the former ap-
proach is 6p / �5+ p� times faster than the latter one. The
Lorentz-force code takes a larger amount of computing time
�more differential equations are solved� since particles par-
ticipate in resolution of all 6D phase space, while points on
Kruskal rings in the gyrokinetic code only resolve 1D gy-
rophase subspace. The remaining 5D gyrocenter subspace is
resolved by the total number of gyrocenters in the simulation
�Fig. 4�. The separation of motions introduced by the gyro-
kinetic formalism always makes sure that the motion of gy-
rocenters is slow compared to the gyrophase dynamics. The
decoupled 5D gyrocenter dynamics needs to be simulated by
the regular low-frequency gyrokinetic equation �4� which
normally requires fewer simulation gyrocenters due to lower
dimensionality and slow dynamics.2 Numerically, one needs
to choose the number of gyrocenters Ngc and push them with
large time step 
T determined by the microinstability time
scales. Then one chooses the number of ring-mates p to put
more resolution into the gyrophase which needs to be treated
with smaller step 
t determined by the highest cyclotron

harmonic in the simulation. This ability of the new algorithm
to redistribute numerical resources in accordance with differ-
ent needs in resolution and time steps is what allows this
approach to be up to six times faster than the direct Lorentz-
force simulation. Separation of microinstability and cyclo-
tron time scales makes new 6D high frequency gyrokinetic
algorithm suitable for implementation into existing gyroki-
netic codes.9

In the example in Fig. 3 we had 
T=10
t=0.1/�i in
our new gyrokinetic simulation, while only small time step

t was used in the Lorentz-force code. This resulted in about
40% saving of computing time in our 6D high frequency
gyrokinetic code compared to the 6D Lorentz-force code.

Although this example is simple, our new algorithm may
be straightforwardly applied to systems with complicated ge-
ometries and inhomogeneities like tokamak plasmas. The
amount of saving in computing time due to pushing gyro-
centers with larger time step will depend on the amount of
time a particular code spends on gyrocenters. Since this is
usually the most time consuming part in particle codes, uti-
lizing the 6D high frequency algorithm instead of the direct
Lorentz-force approach may result in significant saving in
computing time. This new algorithm also allows enough
flexibility to analytically transform the gyrophase dynamics
into a set of equations for individual harmonics, which, in
certain situations, may result in further saving in computing
time. This will be considered in the next section.

In a previous computational example we only considered
linear dynamics of the ion Bernstein wave. Within the 6D
high frequency gyrokinetic algorithm, fast nonlinear dynam-
ics is captured by the evolution of Kruskal rings’ shapes
�dependence of gyroradius on gyrophase� according to the
conservation of the magnetic moment equation �14� for each
ring-mate. Quickly changing Kruskal rings’ shapes are then
used to find electric fields at ring-mates’ positions to calcu-
late the gyrophase weight function equation �16�. As a result,
one recovers nonlinear effects, particularly, stochastic ion
heating19 and wave coupling. Also, various gyrophase-
averaged quantities necessary for gyrocenter dynamics �4�
and densities in Poisson’s equation �17� need to be calculated
by appropriate averaging on Kruskal rings.

IV. 5D NUMERICAL ALGORITHM

In the limit of small gyroradius � /LB�1, the 6D ap-
proach described above is equivalent to the integration of
electrostatic Lorentz-force equations along particle orbits.
The advantage brought by the high frequency gyrokinetics is
twofold. First, as mentioned before, a larger time step for
pushing gyrocenters may be used, which saves computing
time. Second, as opposed to the 6D Lorentz force simulation,
the explicit gyrophase dependence may be removed from the
algorithm. Particularly, this transformation may be per-

formed by rewriting the original functions gT�Z̄ , t� and

g��Z̄ , t� as follows:7

FIG. 4. �Color online� Simulation markers in 6D phase spaces. �a� 6D
Lorentz-force simulation with Np particles sampling �x ,v� space. �b� 6D
high frequency gyrokinetic simulation with Ngc gyrocenters �each has p=4

ring-mates� sampling Z̄ space.
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g�Z̄,t� = 

n=−�

n=�

gn�X̄,Ū,�̄,t�ein�̄. �19�

Complex functions gn, resulting from the Fourier transform
in gyrophase subspace, are 5D and they separately describe
the dynamics of different harmonics. The dynamical equa-
tion for harmonic n is obtained by substituting Eq. �19� into
Eq. �13�. Particularly, one obtains

� d

dt
+ in��X̄��gn = q�Q̂	̃�X̄ + �,t�e−in�̄� , �20�

while the polarization density equation �17� may be rewritten
as follows:



j
� 


n=−�

n=�

gTn�X̄ j,Ūj,�̄ j,t�ein�̄��X̄ j − x + � j�� . �21�

The gyrophase-dependent information is efficiently de-
scribed by the finite number of harmonics kept in the system.
Essentially, we Fourier transform �in the gyrophase variable�
the complicated shapes of Kruskal rings and keep the har-
monics which contribute the most. Now both parallel distri-
bution F and gauge gn functions are the functions in 5D

phase space �X̄ , Ū , �̄�. Note that this transformation from the
original 6D to 5D algorithm is not a reduction in dimension-
ality procedure like in obtaining the drift-kinetic equation
when part of the dynamics is averaged away. In the 5D al-
gorithm, instead, the high frequency part is still present in
the form of a set of equations for individual harmonics. The
name “5D” for this approach is chosen to emphasize that the
dynamical functions F and gn do not explicitly depend on
gyrophase.

To take advantage of this 5D approach, the integrals in
Eqs. �20� and �21� need to be estimated analytically either in
k or real space. As opposed to the 6D simulation, the 5D
high frequency gyrokinetic algorithm does not require us to
solve separate differential equations for each ring-mate on its
Kruskal ring. Particularly, as was mentioned before in Sec.
III, the code based on the 6D algorithm solves �5+ p�Ngc

differential equations �and p may be sufficiently large�. The
code based on the 5D high frequency gyrokinetic algorithm
would need to solve �5+2m�Ngc equations, where m is the
number of harmonics kept in the system. The number of
harmonics one needs to keep depends on the problem under
consideration. Both the 6D and 5D algorithm take approxi-
mately the same amount of computing time if

p = 2m . �22�

If p�2m, the 5D simulation may take less computing time
than the direct 6D simulation. Note that the relation �22� is
not an antialiasing condition; it compares numerical effi-
ciency of algorithms.

Here we again use an example of the ion Bernstein wave
���pi /�i�2=1.0, k� /ky =0.01� to illustrate the difference be-
tween 6D and 5D high frequency gyrokinetic algorithms.
Figure 5 shows the time dependencies and the frequency
spectra of the k��i=4.4 mode from both 6D �black curves�
and 5D high frequency gyrokinetic �red curves� simulations.

In both cases Ngc=5000 gyrocenters were used. As before, in
the 6D algorithm we took p=16 points on each Kruskal ring.
In the 5D algorithm only three harmonics �n= ±2, ±3, ±4�
with the largest amplitudes were kept �m=3�. Appropriate
expressions in k space were used instead of gyrophase inte-
grals Eqs. �20� and �21�. Particularly, the polarization density
equation �21� may be rewritten as follows:



j



n=−�

n=�

an��X̄ j − x� , �23�

with the quantity an�X̄ j , Ūj , �̄ j , t� evolving according to

� d

dt
+ in��X̄ j��an = 


k
Jn

2�k�� j�ke−ik·X̄j , �24�

where

k = − 2��in
q2

mc
	k − Uj�b · E�k� . �25�

The right-hand side of Eq. �24� is calculated only for a finite
number of �’s at each time step to approximate the behavior
of the Bessel function. For each particle this right-hand side
is determined from interpolation of obtained data according
to its �. Figure 5 shows that the dynamics of the chosen
harmonics is described appropriately �including electron
Landau damping�, with the rest of the harmonics being ex-
cluded form the picture. In this example the 5D high fre-
quency gyrokinetic algorithm solves approximately twice as
few differential equations �and takes about 50% of comput-
ing time� compared to the 6D algorithm.

The initial conditions in Fig. 5 are the same as in the
previous example. In spite of the fact that there are all pos-
sible harmonics contained in the initial seed electric field, the
5D algorithm extracts only the information about the har-
monics we choose. This is the reason why there is only a
finite number of harmonics in the frequency spectrum for a
particular mode.

Note that if we choose to interpolate the integrals in Eqs.
�20� and �21� in k space as done in previous example, the
smallest k in the system must be anticipated in the griding.
This may be done by performing local Fourier transform in
the mode conversion regions where large k modes are
present.

As before, this computational example was used to study
linear dynamics. To include nonlinear dynamics into the 5D
high frequency gyrokinetic algorithm, one must obtain ap-
propriate analytical expressions for gyrophase-averaged
quantities �3�. For example, in k space the right-hand side of
Eq. �20� may be rewritten as follows:

�Q̂	̃�X̄ + �,t�e−in�̄�

� Q̂	̃�X̄,t��In�ik��0� − 

m

ik��0

2�̄
Im� �ik��0�gm−n� .

�26�

Here �0=�2c�̄ /e� is the particle’s gyroradius in the begin-
ning of the simulation. The first term in the right-hand side of
Eq. �26� is the linear contribution, while the second term
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gives nonlinear dynamics of three-wave coupling between
harmonics n, m, and p satisfy p=m−n. It may be that the
choice of important harmonics is not clear. If this is the case,
one cannot effectively utilize the 5D algorithm to study the
dynamics of parametric decay. Efficient ways to treat fast
nonlinearities in the 5D algorithm with no loss of gyrophase
information is a subject of future research.

V. DISCUSSION AND FUTURE WORK

The high frequency gyrokinetic algorithm may be
readily generalized to electromagnetic systems, which is a
subject for future research. The new 6D and 5D versions of
the algorithm may be especially useful for computational
study of the dynamics of propagation, conversion, and ab-
sorption of radio frequency waves in tokamak plasmas.
Some of the approaches utilized for studying the wave-
plasma interaction include combination of wave solvers13

with Fokker-Planck codes14 and Monte Carlo simulation.15

These approaches assume heating dynamics to be quasilinear

which can be approximated by the diffusion in velocity
space. While quasilinear theory may be a good approxima-
tion in the electron cyclotron heating case, it can be argued
that it breaks down for ion interactions.15 Our new approach
describes the nonlinear heating dynamics based on first prin-
ciples physics. In gyrokinetic formulation the perpendicular
heating dynamics is completely described by the evolution of
shapes of the Kruskal rings according to conservation of
magnetic moment equation �10�. Equations �9� and �10� al-
low for both regular and secular solutions, which produce the
heating rate. Similar to a direct Lorentz-force simulation,5

the new approach presented in this paper can self-
consistently describe the wave dynamics together with the
evolution of non-Maxwellian parts of distribution functions,
particle orbits, etc. Also, it allows us to address the issue of
interaction between wave dynamics and microinstability-
driven turbulence.

Since the electromagnetic wave propagating in inhomo-
geneous plasma can go through mode conversion layers

FIG. 5. �Color online� �a� Time dependencies of the
amplitude of the ion Bernstein wave from the 6D �black
curves� and 5D high frequency gyrokinetic �red curves�
codes. �b� Frequency spectra �on a logarithmic scale�.
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where perpendicular wavenumber k��i may become large,
connecting 6D and 5D algorithms into one global code can
result in further saving in computing time. For example, in
the regions of sufficiently long perpendicular wavelengths
k��i�1.0, one can simulate p�4 ring-mates on Kruskal
rings with the 6D algorithm. In the regions where the dynam-
ics of short wavelengths k��i�1.0 is important �for ex-
ample, determined from local Fourier transform of the mode
structure�, correct simulation of the 6D algorithm would re-
quire too many ring-mates. Hence, the 5D algorithm may be
an optimal approach to treat these regions.

In summary, a high frequency gyrokinetic particle-in-cell
algorithm was developed, which allows one to simulate elec-
trostatic arbitrary frequency and wavelength physics for
� /LB�1 and e	 /T�1. This algorithm is based on the
gyrocenter-gauge kinetic theory,6 which transforms the origi-
nal Vlasov equation to the system of decoupled equations for

the gyrocenter distribution F�X̄ , Ū , �̄ , t� and gauge S�Z̄ , t�
functions. The high frequency gyrokinetics describes each
particle as a combination of a gyrocenter and a complicated,
quickly changing Kruskal ring. The new 6D algorithm al-
lows a self-consistent simulation of nonlinear interaction be-
tween electrostatic waves and plasma, based on first prin-
ciple physics. The gyrokinetics naturally separates gyrophase
and gyrocenter dynamics. This allows us to use larger time
steps to treat slower gyrocenter motion and thus saves on
computing time compared to the 6D Lorentz-force simula-
tion. Also, explicit dependence on the gyrophase variable
may be removed from the 6D algorithm. In the resulting 5D
algorithm the gyrophase dynamics is transformed into a set
of equations for a finite number of harmonics. In special
situations this can result in further computing time saving. In
future publications, we will describe the electromagnetic ver-

sion of the algorithm to address the physics of propagation,
conversion, and absorption of radio frequency waves
launched by an antenna. Our ultimate interest is to use this
algorithm to perform global gyrokinetic simulation of experi-
mentally relevant wave heating dynamics in fusion devices.
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